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This paper presents a mathematical derivation using the classical theory of fluid
dynamics for the force on an arbitrarily shaped body in a linear shear flow. To make
the analysis tractable, the problem is linearized by assuming that the strain rate is
weak and neglecting terms of the order of the strain rate squared. The argument
generalizes previous established analytical results due to Darwin regarding the drift-
volume and Lighthill for the asymptotic form of the rotational velocity field induced
by the body. The final expression for the force is determined by generalizing an
analytical argument due to Auton for the sphere. The results identify for the first
time a rotational lift force component that occurs only when the body shape is truly
asymmetric.

1. Introduction

The determination of the lift force on an arbitrarily shaped body in an inviscid
incompressible fluid is of both fundamental and practical importance in fluid
dynamics. In particular, the problem has high relevance to the study of bubble
dynamics in turbulent flows with high Reynolds number. An air bubble in water, for
example, experiences very little tangential stress thus making the free-slip boundary
condition valid. The only analytic solution for three-dimensional bodies has been
derived by Auton (1987) for the sphere, its symmetry providing simplifications in the
analysis. In recognition of the continuing importance of the problem, Magnaudet &
Legendre (1998) and Legendre & Magnaudet (1998) have made numerical calculations
of the lift force on a spherical bubble for a range of Reynolds numbers and have
investigated inviscid flow in the limit of large Reynolds number. The focus of this
paper is on finding an analytical solution and, therefore, it is instructive to first discuss
relevant theoretical studies. Together with the theoretical proof of Auton (1987) we
must also consider the work on drift of both Darwin (1953) and Lighthill (1956, 1957).
Drift, as discussed in §1 of Lighthill, concerns the movement of material particles
in steady uniform irrotational flow past bodies. Its relevance to this problem makes
it the subject of more recent studies by Benjamin (1986), Eames, Belcher & Hunt
(1994) and Yih (1985, 1995, 1997). In order to explain the relevance of drift to this
study we shall introduce the concept of the local drift vector d; corresponding to the
irrotational velocity field v; past the body.
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The ambient velocity field U; for a uniform flow has the form
U =U§y,. (1.1)

Here, U is constant in space and time. Of its own accord, U; would give rise to linear
streamlines, as defined by

xi(U) =x;7" + Ut = x161 + x;. 1 (1.2)

which we can imagine as starting at some far upstream position x;*. Here, the
superscript —oo indicates that the starting position is associated with a large negative
value of x;, namely x; = x;7®. The vector X = (0, x5, x7*) denotes the finite
off-axis coordinates of the starting position.

The irrotational velocity field v; in the vicinity of the body, therefore, has the form

v, = U(Sli + Av,-. (13)

Here, Av; is the irrotational disturbance velocity, so called because it is a perturbation
to the uniform ambient velocity field caused by the body. Necessarily, therefore, v;
satisfies the normal velocity boundary condition v; n;|p = O (here |3 denotes evaluation
on the surface ¥ of the body). The streamlines corresponding to v; are then defined
by

t
xi(v)zxi_w—l—/ V; dz. (14)

o0
Here, for consistency, time is defined as equal to —oo at the particle starting positions.
The local drift, or drift vector d; can now be defined as the relative displacement of
fluid particles away from the positions they would have if moving with the ambient
flow, thus

x,-(v) =.Xi_7&v1v‘+U[81i —d, (15)

Note that because the problem is steady, d; is a function only of the space variable
X. It is, however, also considered here to be a function of time when viewed relative
to a particle moving with the fluid. The position vector X in the fluid, therefore, also
coincides with a fluid particle that started at position X~ at time ¢t~ and has reached
the point x at time 7. Thus, we can then write X = X(¢), but in recognition that the
time ¢ is strictly a function of X. Darwin (1953) is particularly concerned with the
limiting value of drift far downstream of the body. In particular ™ is a function of
x5 and x7. Thus, if we adopt the superscript +co to denote the far downstream,
then taking the limit of (1.5), as t — ™ = 400, we obtain in (1.6) below Darwin’s
definition of total drift, here denoted D;

X»+DO =X;£?+Ul‘+w815 —Di. (16)

1

Importantly, in the case of the sphere, the symmetry of the flow results in the far
downstream particles having the same off-axial displacements in the far downstream
plane as they did at their starting positions. In our equation (1.6) this amounts to
xfgff = x;; from which it follows that D;.; = 0 and, therefore, the only non-zero
total drift component for the sphere is the axial component D;. One implication of
the body having arbitrary shape is that the off-axial total drift components D, are
non-zero and, therefore, this paper must address the application of Darwin’s work to
this situation.

Lighthill (1956) explores the interrelationship between drift and the rotational

disturbance velocity field Aw; generated by a body in a steady uniform shear flow



The lift force on an arbitrarily shaped body 115
whose ambient velocity has the form
U = (U — 2x,) 5;. (1.7)
The corresponding ambient vorticity field £2; is then equal to
£2; = 2685;. (1.8)

In this case, the body gives rise to the irrotational disturbance velocity Av; defined
above as well as a disturbance vorticity field Aw; whose associated rotational
disturbance velocity is Aw;. Thus, the total velocity field u; is given by

up = v +w; = (Udy; + Avi) + (—2x281; + Awy;). (1.9)

The rotational velocity w; must, therefore, satisfy the normal boundary condition
w;n;|p = 0 on 5. As explained at the beginning of §3 of Lighthill (1956, p. 36),
Aw; must equal the sum of the Biot-Savart integral Aw?S and a corresponding
irrotational velocity Avf, the latter being required to satisfy the velocity boundary
condition. Thus

w; = —2x81; + AwPS(u) + AvZ(u). (1.10)
Aw?S is defined by (2.4.11) of Batchelor (1967, p. 87) as the volume integral (1.11)
taken over the whole of space, including the region ¥ 5 in the interior the body. Here,
& denotes the distance between the position vector x; and the integration variable x/
namely &% = (x; — x/)(x; — x). The disturbance vorticy Aw; is analytically continued
into the interior of the body by solving the Laplace problem for a potential function 1,
where ¥ ; = Aw;, which satisfies the normal boundary condition v ;n;|p = Aw;n|s
on the surface of the body.

d

“Hde. .
L (111)

1 :
AwS(u) = Esijk/ij(u)

Here, the functional notation (u) is being used to make explicit the relationship of
the quantities with the velocity field u;.

We can now explore the interrelationship between the rotational velocity and drift.
As explained in Batchelor (1967, pp. 274, 275), the vortex tubes are frozen into an
inviscid incompressible flow and the local vorticity field w;(u), therefore, is generated
from the ambient vorticity §2; by the distortion of the vortex tubes caused by the
velocity field u;. The relationship is defined by (5.3.9) of Batchelor as the tensor
product of the distortion tensor dx;(u)/dx;* and the ambient vorticity £2;, namely

S, (1.12)

Here, the particle positions x;(u) at time ¢ are viewed as a function of their starting
coordinates x;®. The disturbance vorticity is, therefore, related to the drift vector by
substituting (1.5) and (1.8) into (1.12) to give
—ad;(u
Aa)i(u) = ( Qj =—5

—o0
axj

ddj(u)
dxy*

(1.13)

To make the analysis tractable, Lighthill linearizes his analysis with respect to w;
by assuming that the strain rate is weak or more precisely that the strain-induced
velocity ap$2 is much smaller than the relative velocity U, namely

ap2/U <1, 0(ap2*/U%) =0. (1.14)
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FIGURE 1. Coordinate systems, the body %5 and the surfaces & and .

Here, ap is a length scale associated with the body which can be defined in terms
of the volume 7" of the body as ag=7" }3/ 3. Under this assumption, therefore,
all terms whose order is proportional to $£2? are neglected. Thus, because the
disturbance vorticity Aw;(U) and the rotational velocity field w; are of order O(£2) and
O(ap$2), respectively, then d;(u) = d;(v)+ O(a3$2/U) and we can adopt the following
approximation Aw;(v) for the disturbance vorticity Aw;(u) with a negligible error of
O(CZB 92/ U)

Aw;(v) = —230;(v)/8x5. (1.15)

Here, the functional dependence of d; upon wv; indicates that we need only take
account of the distortion caused by the irrotational velocity field v; when calculating
the rotational disturbance velocity. It is now evident from (1.15) why the analysis
of the rotational velocity field is integrally related to the study of drift in the
corresponding irrotational flow. Furthermore, the vorticity Aw;"™ in the trailing vortex
far downstream of the body, as discussed in Lighthill (1956, p. 35), is asymptotically
independent of x; and is related to the total drift D; by

AwF® = —23D,/0x7° + O(ap$2?/U). (1.16)

The final part of our argument is to determine the force on the body using the
analytical approach employed by Auton (1987). In his § 6, Auton applies the divergence
theorem to the momentum equation, written in the form (1/p0)p,; +(u;u;) ; = 0 for
incompressible flows, in the large volume 7" — # 5 surrounding the body 7 5. Here
7", as shown in figure 1, is defined as being enclosed by the far upstream plane
x{® = —X, the far downstream plane x* = +X and the stream surface of the
irrotational velocity field v; originating from the circle p~* = X. His analysis requires
that the streamwise length of ¥~ be much greater than its radius and, therefore,
ap < ¥ < X. We then obtain (1.17) which is equivalent to (6.1) of Auton (1987) for
the force f; on the body in terms of the limit, as ¥ and X — +o0, of an integral over
the ‘asymptotic’ surface & of ¥~

1 1
—fi=_1 / ——pn; —uwun; | do. (1.17)
Po X.Zot0 )& Po '
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Note, it is assumed that the ratio £/X — 0 as £ and X — 4o0. Now from Batchelor
(1967, p. 405) the limit of integral (1.17) vanishes identically in the absence of vorticity
(£2 = 0) since then u; = v; and the force f; becomes equal to that on a body in
an irrotational flow with uniform steady ambient velocity. It is then possible to
simplify the integrand of (1.17), under the assumption that terms whose orders are
proportional to £22 can be neglected, to involve only the asymptotic values of the
rotational disturbance velocity. In the case of a sphere, Auton arrives at his equation
(6.16) which is equivalent to (1.18) below

1
Lo

Note that the sign in Auton’s (6.16) is misprinted.

The analysis in our paper will parallel the three steps discussed above. First, the
application of Darwin’s work to an arbitrarily shaped body. Secondly, the derivation
of the asymptotic form for the rotational disturbance velocity field for an arbitrarily
shaped body as was derived for a sphere by Lighthill (1956, 1957). Finally, the
generalization of Auton’s argument (1987, §6) to determine the expression for the lift
force.

2. Problem formulation

We shall aim to employ tensor notation whenever possible. In doing so we have
found it very helpful to introduce the notation 7;.; to represent that part of the
tensor 7; for which i # 1. Thus, we can write T; = T18y; + T;+. This notation allows
us to express tensors in terms of their components parallel 778;; and perpendicular
T; . to the direction of motion. In particular, therefore, the position vector x; has the
unique decomposition

X; = X181; + Xj21 = X181; + pA;. (2.1)
Here, 4; is the cylindrical polar unit angular vector defined as
A = (0, cos 4, sin ). (2.2)

We will find that the angular vector 4; will occur in many of the integrals over the
interval 0 < 4 < 2n when the following identities apply

2n 2n 2n
/ li di= 0, / /1,'/1]* di= néij#l 5 / )"l‘j’j)“k di=0. (23)
0 0 0

To avoid repetitive use of integral signs we shall conduct much of our analysis in
terms only of the integrands. Thus, we have adopted the equivalence notation (=)
between integrands to denote identity of the corresponding integrals. This amounts
to dropping terms that are a function of the azimuthal angle A whose integrals are
identically zero.

Now we consider various notational aspects of the disturbance velocity fields. The
irrotational disturbance velocity Av; will be defined as the gradient of the disturbance
velocity potential Ag thus

Av; =UAg;. (2.4a)
Note that in order to ensure Ag is single-valued, and the corresponding Laplace
problem correctly posed, the shape of the body must be such that the surrounding

fluid region is singly connected. See, for example, Batchelor (1967, §2.7). From p. 121
of Batchelor it follows that the disturbance potential and the irrotational disturbance



118 C. A. Catlin

velocity have the following asymptotic approximations at large radial distances from
the body

Ap ~ —cixir 3, Ay ~ —qUSur™> — 3xxir ™). (2.4b)
This particular definition of the velocity potential has been chosen to be consistent
with that used by Lighthill (1956) so as to ensure that the asymptotic coefficients ¢;
have the dimensions of the body’s volume, namely ¢, = O(a}). As explained in §1,
the rotational velocity w; given by (1.10) can be approximated to order O(a3$2?/U)
by

w; = —2x81; + AwP(v) + AvZ(v). (2.5q)

Note that the irrotational velocity Avi?(v) could have a non-zero volume flux at
the surface of the body, even though the body is rigid. This is because the zero-
flux velocity boundary condition w;n;|p = 0 does not exclude the possibility that
the boundary volume flux induced by the Biot-Savart integral Aw?5(v) is non zero.
Writing ¢ as the volume flux then, as explained in Batchelor (1967, p. 121), the
leading-order asymptotic form for Avi(v) is given by

AvZ ~ 29 (xir 7). (2.5b)

We shall parallel the argument of Lighthill and express Aw5S(v) as the sum of three
contributions Awj), Aw;ar, Aw;mr corresponding to three subdivisions ¥ ), ¥ )
and 7"y of the integration domain (the whole of space) of the Biot-Savart integral.
Thus, we write

AwP(v) = Aw; ) + Aw; any + Aw; qmn. (2.6)
Since the streamlines x;(v) of the irrotational velocity field v; span the whole of space
outside of the body then the regions can be defined in terms of the streamlines x;(v)

as follows. First region ¥"(;) corresponds to streamlines that remain at a large polar
radius from the body which is defined in terms of their starting coordinates as

71y = {xi(v)| =00 < x1 400,077 > T} (2.7)

Here, X' is a large radius relative to that of the body, but, as will become apparent
later in the argument, X must be much smaller than the equivalent quantity X that
defines the radius of the asymptotic surface to be used in determining the force. Thus,

ap < ¥ L% (2.8)

The second region ¥ 1) corresponds to the volume enclosed by the body together with
the remaining streamlines that originate far upstream, but stop at a far-downstream
but finite position (x; = +X) in the trailing vortex where the vorticity field has
become independent of x;. Thus, ") is defined by

V(H) = {X,‘(v)‘—OO <X < -|-)(;,07OO < 2} U "/B. (29)

Here, it is a necessary requirement of our analysis that X is very much greater than
X but also that both ¥ and X are very much smaller than the equivalent quantities
X and X defining the asymptotic volume ¥~ and its surface <. Thus,

<< LXLE KX, (2.10)

Finally, region 7 ) is defined by the remainder of the whole of space which
importantly includes that part of the trailing vortex where the vorticity is independent
of X1

"V([H) = {xi(v)\ +X <x1 < +OO,,0_% < 2} (211)
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We can now define the asymptotic volume ¥, as shown in figure 1. In view of
the particular shape of the asymptotic volume chosen, it should be noted that the
following argument is only strictly valid for a body whose cross-stream section has
an aspect ratio of order one. The cross-stream to axial aspect ratio can necessarily
be much larger because ¥ < X. Thus, a long slender body is consistent with the
analysis provided that the body’s principal axis is aligned with the undisturbed flow.
The principles of the mathematical argument can be applied to other body shapes
provided the shape of the asymptotic volume is consistent with that of the body and
care is taken when evaluating the conditionally convergent integrals in the limit as the
surface of 7" is allowed to tend to infinity. For the purposes of our analysis, therefore,
the hydraulic radius ag(=7" ,19/ %) will be used as the characteristic length scale of the
body in recognition of the implicit constraints on its shape, as described above.

In terms of the streamlines x;(v) of the irrotational velocity field v, then 7 is
defined as

V= {x)|—X <x <+X;p7* < 5. (2.12)
The asymptotic surface % of the volume 7" is then defined as the sum of three parts
P =P+ T+ . (2.13)

Here, %, is the stream surface originating from the far upstream circle p=* = ¥ and
defined by

F1={x)|—X <x; <+X;p7* =5} (2.14)
o and %, are the far upstream and downstream disks defined by
Fo={x()xi=-X;p7" < £}, = {x@)xi=+X;p" < Z}. (2.15)

It is important to note that the normal vector n; to the stream surface &, comprises
two components. First, the normal 2; to the circular cylinder p = £ corresponding
to the ambient uniform velocity U§y; and, secondly, a component An; corresponding
to the irrotational disturbance velocity Awv,. It is argued in Appendix A that, on 7,
the position vector can be approximated to second order by

x;i(v) ~ % — d; (2.16a)
where X; are the first-order asymptotic streamlines given by
% =x18, + 2. (2.16b)

Here, d; is the following approximate form for the drift vector which corresponds to
equation (16) of Lighthill

d,-(v)=/ —A@;lxdx; = 0(az 272). (2.17)

)

It is also argued in Appendix A that
ni =7 + Anily  where An;lz = 0(a327%). (2.18)

Here subscript X denotes evaluation of functions on the asymptotic streamline ;.

In the course of our argument, we shall derive expressions involving surface integrals
over both the upstream %, and downstream disks .%’,. The differential surface
elements on the upstream ds~* and downstream disks ds**, however, correspond to
the far upstream and downstream ends of a stream tube of the velocity field v;. Since
the volume flux in the x;-direction is conserved, the fluid being incompressible, then
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we have the relationship

vy Pds = v A (2.19)

By the definition of v; given by (1.3), however, v;™ = v = U, from which it follows
that the differential surface elements are equal and thus

ds™ = ds™™. (2.20)

This relationship is crucial to the argument since it allows integrations over the
downstream disk %, to be transformed into integrals over the upstream disk %.

3. Darwin’s theorem for an arbitrarily shaped body

Since Darwin’s drift-volume occurs in our final expression, (6.21), for the lift force,
we shall derive in this section an alternative expression in terms of the added mass
coeflicient tensor. Following the argument of Darwin (1953, §8), we first obtain an
identity for his drift-volume (the left hand side of the identity below) by substituting
for the definition of the total drift given by (1.6) to obtain

+o0 +o0 +o0 +o0 ~+0o0
/ / D;dx;“dx;™ = / / / — UAg,; dtdx;“ dx;™. (3.1)

Here, the total drift D; is considered to be a function of the far upstream off-axis
coordinates and, therefore, D, = D;(x;*, x3*). Now note that every fluid particle that
moves from x;(¢) — x;(t) + Av; df in the time interval + — 7 + d¢ originated from x;®
where it would have moved from x;* — x;7* + dx;{™ in the corresponding starting
time interval = — ¢~ + dr. We can, therefore, replace Udr in the right-hand side
of (3.1) by dx;* to obtain

+00 +0o0 ~+00 +00 +0o0
/ / D;dx;“dx;™ = / / / — Ag,; dx; ™ dx; ™ dxy ™. (3.2)

Here, Ag; is still evaluated at time ¢ at the point x;(t). Furthermore, since the
fluid is incompressible, the fluid volume element dx;* dx;* dx3* which originates at
the starting time ¢~ is deformed into the fluid volume element de during the time
interval 1~ — t. Necessarily, the summed volume elements de comprise the whole
of the volume surrounding the body ¥ which we denote 7", — ¥ 5. Substituting
the identity dx;*dx; *dx;* = de into (3.2), we arrive at the equivalent of Darwin’s
equation (8.8), namely

+o0o  p+o0
/ / Dydxy;*dx;™ = / — Ag,; de. (3.3)
—0  J—owo V=B

We now wish to evaluate the right-hand side of (3.3), but we must first carefully
consider how this should be done in view of the conditional convergence, as discussed
by Darwin, of the multiple integral. As explained in §1, the need to evaluate the
left-hand side of (3.3) arises naturally in both the derivation of the asymptotic
approximation of the rotational disturbance velocity and also in the evaluation of
the force integral (1.17) on the far downstream disk %, of the asymptotic surface .
Thus, the particular evaluation of Darwin’s theorem for our analysis must parallel that
of the main argument. For our purpose we can, therefore, apply Darwin’s theorem
rigorously in the form of the identity

lim Dids= lim — Ag,do. (3.4)

)?,i‘—»-&-oc ((770 )~(,E—>+:>o 17”,1/"3
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Here, it is necessary to ensure that the ratio £/X — 0 whilst taking the limit. This
ensures that the limit is much more advanced in the streamwise direction than in the
off-axis direction which is consistent with evaluating the innermost integral of the
right-hand side of (3.1) first, before evaluating the double integral for the drift-volume.

In our argument, we shall employ both the identity (6.4.28) of Batchelor (1967,
p. 407) for the acceleration reaction in terms of the disturbance velocity potential Ag
and identity (6.4.29) (Batchelor, p. 408) for the fluid impulse .#; in terms of the added
mass coefficient tensor C;; (denoted aj; by Batchelor). When these two identities are
combined the fluid impulse becomes

j,‘ = UA(OI’!,’ d@ZWBUC,‘l. (35)

I
Note that only the added mass coefficient tensor terms C;; appear in the identity
because, in our formulation, the ambient velocity is equal to Ud;;. Applying the
divergence theorem to the right-hand side of (3.4) and substituting (3.5) we arrive at

/ _A(P,i de = VBCZ'I — / A(pn, ds. (36)
V=g 7

We now substitute into (3.6) the asymptotic approximations (3.7) for Ag and n; on
&, and the far upstream and downstream disks %, and .%,. The approximations
on % are obtained by taking Taylor expansions in the off-axis direction about the
streamlines ¥; of the uniform flow and substituting the bounds given by (2.17) and
(2.18) to give

Agly, ~ —ci(xr ™)z — Apldh = —cr(xr g + 0 (a§ E72r73), (3.7a)

nilg, =4+ 0(ayE7%), Agly, = A¢ly, = 0(azX7?). (3.7b)

+o0 o0
/ (r73))gdx; = / [x] + 27 Py, =252

—0o0 0

Noting that

and also that on %, the differential surface element is given by ds = ¥ dx; d1 we
arrive at

/ —Ag;de=7"3C;y + E‘/ ck(xkr_3)|g/1,- dx;dA+ O(ag§_3) + 0(a%§2/)~(2).
= 2
(3.8)

Now, substitute (x;)|x = x181x + > A and note that for integration with respect to /4
over the interval 0 < 4 < 27 then odd functions of 4 can be dropped so that Jir3=0
and A;xr = = 83217 /2. It follows that as ¥ and X — +oo,

+o00 2n
/ cr(eer ™) ghi ds — 22/ / ckﬂ(r_3)|>~</lk/1i didx; = 2mc;4;. (3.9)
1 —0 0

Combining (3.8) and (3.9) with the relationship between ¢; and the added mass
coefficient tensor C;; given by (6.4.18) of Batchelor (1967, p. 403), namely c¢;+; =
—9 5/(4w)C;+11 (note the difference in sign because in Batchelor’s notation the body
is moving and the fluid stationary) we find

/~ — A(p’,‘ de — VBCH + 27'56,'#1 = VBCil — "/B(O, Cz], C31)/2 (310)
Tty
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Thus, we finally obtain the required identity for the drift-volume

lim Di ds = . l}m - A(pyi de = VB(CH,%CZM %C31). (311)

X, S+ P X, XYoo Jy—yy
Identity (3.11) is seen to agree with equation (3.1) of Darwin and equation (14) of
Lighthill (1956) in the case of a sphere when ¥ "3 = 4n/3a;, C;; = Cy = % and

4. Asymptotlc approximation of the rotational disturbance velocity Aw?® on
fl and yz

4.1. The asymptotic split of Aw?S into AwP and Aw?
As explained in §2, we wish to approximate Aw3S essentially by splitting the
infinite domain of integration of the Biot-Savart integral of Aw; into the three
subdomains #"1), ¥ "y and ¥ qm). The conditional convergence of the Biot-Savart
integral, however, prevents us from proceeding directly on this basis. We therefore
adopt the procedure described in Lighthill (1956, p. 37) and separate out from Aw;
its asymptotic value Ad&; on streamlines that remain far from the body, given by
equation (18) of Lighthill as

—Q3d,(v) 29 U

—o0 - —o0
0x3 0x;3

Ad;(v) =

X

Ag,ilz d-xl] = -Q/ A@ i3]z dxi. (4.1)
—00 —00

Note that Lighthill points out in a footnote to his p. 37 that if the argument is
not progressed rigorously in this way then a different and incorrect result is obtained.
Lighthill’s procedure, as developed rigorously later in the section, ensures that the
difference between Aw; and its asymptotic value A@; decays very rapidly as p — 40,
namely like Aw; — A@; = O(Rayp~3). Thus, the radial contribution of this error
to the Biot-Savart integrals for Awj (1) and Aw;qm is, roughly speaking, of order
O(2a3X~*) and, therefore, negligible in the limit as ¥ — +oo. If the argument is not
progressed in this way, there are finite contributions in the limit as ¥ and X — +o0
that arise from the interface between ¥ (1) and # (1) 4+ ¥ iy whose rigorous treatment
would substantially complicate the analysis and whose non-rigorous treatment, as
indicated by Lighthill, would lead to an incorrect result. For the same reason, it is
important to split the domain of the Biot-Savart integral in such a way that it is
consistent with our limiting procedure, namely az/¥ — 0, ¥/X — 0, X/ 3 -0,
¥/X - 0as ¥ and X — +oo. This in the reason why we have defined the surfaces
% and & to be nested, as shown in figure 1, and also the volumes ¥ ), ¥ " and
¥ am as having interfaces that are coincident .%; and .. To rigorously define the
separation of A@; from Aw; we shall follow Lighthill by defining Aw; to be split into
two components Aa)gD and Aa)?) where

Aw; = Aa)[@-l— Awl-@. (4.2)

The function Aa) is then defined as an analytical continuation of A®; from large
cyhndrlcal polar rad1us 0~* > pp say, into the whole of space but in such a way
that Aa) is identically zero in an inner cylinder, p~* < p4 say, which is still at
a large dlstance from the body. The position of the inner and outer cylinder are
arbitrary, but the argument is much simplified if we choose them to be within an
infinitesimally small distance from the stream-cylinder p= = X, which we have
chosen as the interface between 7“1y and ¥ (1) + # ). Thus, we can now proceed
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rigorously prov1ded that we evaluate Aw; in 7 by considering the evaluation of
Aa) and Aw? in ") separately and employ Aw? instead of Aw; in Y qry + 7
(because Aw @5 = 0). The key difference is that Aa)® decays very rapidly as p — 40
in ¥"(1. The rapidity of this decay can be estimated by considering the next highest
order approximation to Aw;(v) on the distant streamlines X; employing the bound

d ~ O(ayp~?), derived in Appendix A, to obtain

Ap; ~ Ailx + A uzilx (g — Fiz1) ~ Apilz — Agizilz ditr
~ Agils + O(agp?r). (4.3)

When (4.3) is substituted into identity (4.1) for the asymptotic form of the disturbance
vorticity Aw;(v) and noting that

+o0 400 +o0
/ (r Iz dx < / (r )z dx; = / [+ %) dx = 0(07?)

as p — oo, we find
Aw? ~ Aoy — A = O(Rajp™d). (4.4)

Having now defined the split in the disturbance vorticity Aw; into Aw and Aa) the
corresponding split in Aw?S is defined by the Biot-Savart integrals of Aa) and Aa)
respectively, as

Aw?S = Awd + Aw?, (4.5)

4.2. The asymptotic approximation of Aw;x) as p — 400 and |x{| = +o0

First, we consider the asymptotic approx1mat10n of Awjq as p — +oo. As explained in
§4.1, to evaluate Aw; ) we must evaluate AwP and Aw 1y separately. By definition,
Aa)@ is equal to A@; in ¥ (1) where Ad; as deﬁned in (4. 1) denotes Aw; evaluated on
the streamlines that remaln far from the body. By the definition of the Biot-Savart
integral, the curl of Aw is identically equal to A®; in the region ¥"(;). Also by
applying Lighthill’s argument for his equations (16)—(19) we find that the curl of Aw;
is equal to Ad; where

Au)l =82 8i3kdk = _Q(d~27 _0719 0) (46)

Equation (4.6) is seen to be identically equal to (19) of Lighthill (1956) by noting
that d, = —Ag and, in his notation, £2 = —A. It follows, therefore, that Aw; is equal
to the highest-order term in the asymptotic approximation of AwgD(I) as p — +oo. It
remains, therefore, to approximate Aw?)(I .

Consider the asymptotic behaviour of Aw;(v) in the far downstream limit as
x1 — —oo. First, note that the streamlines x;(v) tend towards the straight lines

xi(v) = K = x1 81 + x5 (4.7)
Denoting evaluation on the far downstream streamlines X' by |3+ we can write
Awlzs = Aw;ly: — Adlgs = (Aw;lgr — Ao |z ) + (Aw]” |z — Adilz).  (4.8a)

It now follows, by employing the argument of Appendix C to both terms on the right-
hand side of (4.8a), that as x; — +o0

APz = Awylgs — Ady |z = O(2a}|xi| 7). (4.8b)
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A similar argument can be used to show that on the far upstream streamlines X then,
as x; — —oo

Aoz = Aoy = O(Qaj x| 7). (4.8¢)

Note that both bounds in (4.8b) and (4.8¢) are uniform in p. Now consider the
behaviour of Aw;(v) as p — +0c0. Combining the three bounds (4.4), (4.8b) and (4.8¢)
for the behaviours of Aw; both as |x;| — 400 and p — +o0 we obtain

AP = Aw; — A& = O(aj|x|7), (4.9q)
and
w? = Aw; — A, = 0(Qa3p~?). (4.9b)

Note that the bound in (4 9b) is uniform in x;. We can now substitute the bounds
(4.9) for Aa) into the Biot-Savart integral for Aw® To do this, we split the x;
integration range into two parts. In the first region |x1| > X then Aa)® is of order
0(R2a3|x1|7%) and in the second region |x;| < X then Aw;? is of order O(Razp™).
Substituting these two bounds into the Biot-Savart integral for Aw, ) and integrating

the bounds with respect to p dp over the interval ¥ < p < 400 we find
Awy, = 0(ap2 5/ X%) + 0 (245 27°X). (4.10)

Note that both of the bounds in (4.10) tend to zero as X and X — oo since
we are free to choose the ratio az/¥ = (¥/X)? provided B > 0. It follows that
provided B > 1 then 73X = az*(ap/X)*X/% = az*(¥/X)*"" and the term of
order O(2a3X73X) = 0(apRX*~1/X*71) - 0 as ¥ and X — +oo. Thus, if we
choosle % <B< % we recover the result given by (19) of Lighthill (1956) as p — +oo0,
namely

Awi = Awly + Awly = A + 0(apR 27 X ) ~ Qe . (411a)

We can now approach the asymptotic approximation of Aw; ) as |x;| = +o0 in an
entirely analogous way to that above to show also that as |x;| — +o0

Awyy = Awdy + A = AD; + 0(apR 57X )~ Qe (4.11D)

4.3. The asymptotic approximation of Aw;y as r — 40

The following analysis applies in the asymptotic limit as r — +oo and, therefore, the
results are separately valid in the two limiting cases studied later, namely p — o0
and |x;| — 0. The first step in approximating the Biot-Savart integral for Aw; ),
or equivalently Aw anp 18 to truncate the integral over the infinite volume 7" to
one over a finite volume 7. Here, as shown in figure 1, ¥~ and (=% + &1 + )
are defined identically to ¥ and & in equations (2. 12) (2.15) except that ¥ and X
are used instead of ¥ and X. Employing the bound (4.9) for Aa) as |xy| = 400 we
can, therefore, approximate the Biot-Savart integral for Aw®H) by (4.12) where here
we have purposely chosen to write the partial derivative of & with respect to x; and
not the integration variable x';, where £ = (x; — x/;)(x; — x'})

—1 o .,
Awi(n) = E&'J‘k |:/l A(,(),]®G—Xk(g l)d/U + O(GBQEZ/XZ). (412)

Now since the volume 7" is bounded by p™° < X and |x;| < X, then for large radius
r we can approximate & ~ r and take the partial derivative outside the integral to
obtain the equivalent identity to that of (20) in Lighthill (1956), once corrected in
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sign, namely

1 1.
Awi(n) ~ —Eé'ijk |:/;/ Aa)'? d7}:| (r 1)’]{. (413)

Note the error in the sign of (20) of Lighthill (1956) is explained in Lighthill (1957).
We now follow the argument used by Lighthill (1956) to obtain his equation (21).
Substitute the identity (x'; Aw; ) 1= Aa)’@ into (4.13) and apply the divergence theorem
to obtain

—1 ) _
Aw,-(n) ~ 4_8ijk |:/ X A(,(),I I’l’] dJ,:| (r I)A’k. (414)
T So+S1+5>
Note on & that x|y, = —X&;, njls, = —8y and APy, ~ 0(R2d3]x]17%); on

1 that x|y, ~ x{8; + 22, njly, ~ /4 and Awfly, = O(Ra3¥~%); on &, that
Xy ~ X81; + X' T, njly, = 8y and AwPly, ~ —29d[/3x';" + O(Raj}|x;| 7). The
only finite contrlbutlon to (4.14), therefore, comes from the far downstream disk %,.
The disk &, contributes an error of O(ay$2X?%/X?) to the inner integral of (4.14)
which becomes negligible as ¥ and X — +oco. When x;A«/;” is integrated over %
it yields an error O(az’2X~*X?) to the inner integral of (4.14). Using the same
reasoning as used to derive (4.11), we are free to choose the ratio az/¥ = (X/X)?
whereby, provided B8 > 1, then X*X? = az*(ap/ X)X (X/X)* = az*(X/X)*72 and
the term of order O(ap2 X *X?) = O(ap’2 T*#72/X*#72) > 0 as ¥ and X — +c0.
Thus, as X and X — +o0

d d
/ x’ Aa) nydi' ~ —2 ( 1 \x’)
oxy e/
S-S+ 7 3

Now changing the integration variables from ds/*” to ds~ using (2.20), writing
ds— = d)c'z_OO dx;_OC and x|, ~ X8y, —i—x’;;ﬁ we obtain

dste. (4.15)

)

/ X Aa), nydi ~—§68;X / . ,Oo(d1|(/2)dx/ TOdxy "
So+S1+5> Lo

ad]
— Q/ <—/ x/A )
7o 8x3—oo j#l P

72

/™", (4.16)

The first integral on the right-hand side of (4.16) can be integrated once with respect
to x;*. Using the identity d’|q, = dle, = —A@'l¢, = O(a}lX2), where here we
have denoted evaluation on the perimeter boundary contour of &, by |4,, then
X [, 8/0xi(d] l¢,) dxs® dx;* = O(a} X/ X). Finally, letting ¥ and X — +oo then
the drift d}|s, evaluated on %,, tends towards the total drift D; and, therefore,
(3d/9x5 x)4y)|e, — 3D /3x5 x;jf and we obtain the limiting identity

aD{ o
/ XiAw?” njdsd — .Q/ /_130 Xy dd (4.17)
So+L1+S dx
Substituting (4.17) into (4.14) for Aw; 1) we obtain

1 9D/ S
Awi(][) ~ EQSi'jk |:L ax , - j%l d :| (r 1),k' (418)
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Since (r~ 1) = —r3x; = —x;r 381 — pr—3J; (4.18) can alternatively be written
—1 _ _ DY i
Aw,- an ~ Eﬂ(siﬂxlr 3 + 81,-81jkpr 32/() a / lx ;;? J %. (419)

The result (4.18) is our generalization of the corrected equation (22) of Lighthill
(1956). The identity between our (4.18) and the corrected (22) of Lighthill in his case
of a sphere will be proved in the discussion of §7.
4.4. The asymptotic approximation of Aw; ) as p — 400 and |x1| — 400

For the limiting case p — +oo, we shall approximate the Biot-Savart integral for
Aw;r), or equivalently Aw,®(m since Aw,® =0in v (m Noting that by the definition
of V" then x; > +X, the disturbance vorticity Aa) is asymptotically independent
of x{ and only a function of the far-downstream off-axis coordinates xj;ff We can,

employing the bound derived in Appendix C, substitute Aw,@ = Aa)’;’”““ + O0(Razx;)
and take the term Aw/j+OC outside the integral with respect to x| to obtain

Aw; qmny =

~+o0
—le,jk/ Aw/.*x/ 9 (g Ndx| & + 0(ap2 22/ X?). (4.20)
4n 2 ! X

Note that we have changed the sign of the integral by replacing the partial derivative
with respect to the integration variable d/dx; by the partial derivative with respect
to the independent variable 9/0x,. Since our interest in the value of Aw; ) lies at a
large radial distance p (>>X > X') we can substitute the asymptotic approximation
B, (=B;6x + By+;) for fx (0/0x;)(§71)dx] derived in Appendix B, whilst at the
same time change the integration variables ds** on disk ., to ds/~” on disk .
Substituting Aa);+OC for its explicit expression in terms of the total drift given by

(1.16), then Aa)’j”’ = —0D';/0x;* and we obtain

A Lo 2D LB+ BD/ LBy pdi ™ (4.21)
W; (111) E s Eijfl T 8x3 1T &ijk:l T T 8 k1 . .
Before substituting the expression for B; in Appendix B, note that any terms in By
that are independent of the integration variable x};‘f‘ can be neglected. This is because

these terms can be integrated with respect to x; and since D/j = O(a3; X ~2) on the

boundary contour %, of disk &, then they will only make an order O(a3$2X7")
contribution to Aw; qir). Now substituting (B4) for B; and (B 5¢) for By.; we obtain

BD]?&I ’+ocd —o0

1
Aw; ) e —Rei1(p V_Biz) ax X141
X3

1 -2 -1 ) 35 D] —%
+ 4—98,-1-/{751(/0 [1 + X1r ]{6,(,#1 — 2)vk/bl} — X1 r ;\,k/Ll) l;él dﬁ (422)
T Lo 8x3
The identity (4.22) for Aw;qy is not directly comparable with Lighthill, but can
be shown to agree with his equation for Aw;ar 4+ Aw;amy given by (85) in Lighthill
(1957). The proof of the equality between Lighthill’s (85) for a spherical body and
that derived here in (4.22) will be addressed in the discussion of § 7.
For the limiting case |x;| — +o0, then p’ € p < |x;] and we note from the
identities (B 1) and (B 2b) of Appendix B the following uniform bounds in p, where

= (i1 — xl/#l)(xl#l - x;’#)-
B = O(|x:|™"), (4.23a)
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/ - _ 0
Birt = 2y — xiz)n 4 O(plxi| ) = —28—xk(10g n) + O(plxil?). (4.23b)

Thus, substituting the identity Aw;"” = —£20D;/dx;* from (1.16) and the bounds

(4.23) into (4.20) for Aw; ) we ﬁnld as |x;| = +oo that

!/

—1 D’ 9 .
Aw;qny = %Qﬁjk# , W;(bg nlg, ds

+ 0223/ X} 4+ 0(ap22?/X?). (4.24a)

Finally, substituting az/¥ = (X/X)?, we find that provided we choose 0 < B < 2
(which is possible in addition to satisfying the constraints 3 > g > 1 and B > 1 in

§§4.2 and 4.3, respectively) then as ¥ and X — 400 we obtain the two-dimensional
Biot-Savart integral, namely,
—1

a0’ o
Awjqny = %981‘]‘1@&1 T I
72

!

(log )|z, ds™** + O(ap2 P/ X*F).  (4.24b)

5. The lift force expressed as an integral of Aw; over F 1 and the disks 90
and ?z

5.1. The lift force expressed as an integral of w; over &

As explained in the § 1, we shall proceed in the same way as §6 of Auton (1987) and
employ his identity (6.1) for the force on the body expressed as an integral over ..
Note that in the proof of his (6.1) the surface % can be chosen to have any shape,
provided it encloses the body. The particular shape of the asymptotic surface . used
in our argument is defined in §2 as comprising the far upstream disk Z,, the far
downstream disk ., and the stream surface %1 of the velocity field v;. Thus, we can
write Auton’s equation (6.1) in the following form, (5.1), where we have introduced
the notation |y) to make explicit the evaluation of functions on the streamlines of v;
and not u;.

1 . —1
Efi = lim {_P|x(v)ni - (“iuj)x(v)nj} ds. (5.1)

X, Z-t0Jg L Po
For brevity, we shall omit the integral signs in the following argument and use the
equivalence notation (=) to denote equality under the integral. Starting with the
right-hand term in the integrand of (5.1), we express u; as the sum of its irrotational
v; and rotational w; components as defined in (1.9). Noting that w; = O(ap$2), we
obtain

(uiuj)|xw) = (Viv))|x@) + (Viw; + vjwi)lxw + 0(“%;92)- (5.2)

To approximate p|y,) we employ the Bernoulli identity on the streamlines of u; that
originate from the far upstream starting positions x; to obtain

—1 e o
— plxw = 3 (uju; —“jw”j@”x(u) = 3 (vjv; — v "; Oo)|x(u)

Lo
+ (vjw; —v; %W ") xw + 0 (as’R2%). (5.3)

Here, the pressure p~ at the far upstream position has been taken to be identically
zero since its inclusion does not change the value of (5.1). To approximate p|x(,), we
must relate the pressure at x; on the streamline x;(u) to that at x; on the neighbouring
streamline x;(v). To do this, we take a Taylor expansion about the streamline x;(v)
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in the x,- and x3-directions from which it follows that the two terms in (5.3) can be
approximated, respectively, by

(vjw; — 7w ™) |y = (0w —v7 w;™)] ) + O(as’2?). (5:4a)

%(vjvj—vj_wvj_%) x(u)Z% (vjvj—vj_“’vj_w) |X(D)—|—(vjvj,k#1)\x(,,)[xk#l(u) — xi21(v)]. (5.4b)
The streamline displacement x;.;(U) — x;+1(v) is normal to the direction of uniform
flow and is given to order O(aj$2?/U?) by the integral of the rotational disturbance
velocity components Awy; along the streamlines x;(v). Importantly, therefore,
xp21(U) — xp21(v) = O(a3£2/U). Note that the streamline displacement is normal
to the ambient velocity U; = (U — £2x,)81;. Using a similar argument to that used
in Appendix A to derive the bound di(v) = O(a3X~?) for the drift vector d
corresponding to the streamline displacement caused by Auwy, it is possible to argue
that as ¥ — +o0

X21(U) — xez1 (v) = O (ap’RE7'/U). (5.5)
Combining the bound (5.5) with (v;v;41)lxw = O(U*azr™) we obtain from (5.4b)
that
x(u) %(vjvj - Uj_wv.i )
The error term O(aURE~'r—*) in (5.6), when 1ntegrated over the upstream and

downstream disks %, and %, contributes 0(aSU .QE/X ) to 1/pof; and, when
integrated over the stream surface .#;, contributes O(a$U 22 ~3). Combining (5.3),
(5.4) and (5.6), we find that, in the limit as ¥ and X — +o0, Plx) can be approximated
over the whole of & by

3 (vjv; — v w;™)

+0(ag’UREr ™). (5.6)

g Pl = 3 (v =07 ) |y (vywy = o7 wi ) |- (5.7)

It remains to approximate the pressure p|y, on the streamlines x;(v). Again we
take the Taylor expansion about x;(v) to obtain the leading — order approximation
—1/poplxw = —1/poPlxw) — 1/ poP.x#1Ixw) [Xit1(U) — Xiz1(v)]. Substituting for —1/p0p «
from the momentum equation —1/pgp ; = w,u;,; and substituting the bound (5.5) for
the streamline displacement we find that

—1 —1
—P|x(u) = _p|X(v) + (uluk,l)|x(v) [xk#l(u) - xk#l(v)]
Po Lo

1
= ——P|x(v) + (V7 Vi) |xo) a1 (U) — X1 (0)] + 0(0%392)- (5.8)

Finally, substituting the bounds (vvi)lxw = O(a3U% ) and again xi4i(U) —
Xez1(v) = O(a32%-'/U) while lettmg 5 and X — 400 we determine the following
approximation over the whole of &

—1 1
— plxw = ——Plxw) + 0 (ap’27%). (5.9)
L0 L0

We can now combine the approximations (5.2), (5.7) and (5.9) to give the following
equivalence for the integrand —(1/00) p|xwni — (uiu;)Ixwn; of (5.1) over the whole of
I

—1 o
Ep|x(v)ni — (uiu)|xwnj = {5 (vjv; —v;"v;”)

xw)'t (vivj)|x(v)nj}

+ {(vjw; — v;*‘w;’o) ]X(v)n,- — (viw; + vjwi)lxwn; } + O(aé.Qz). (5.10)
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In the absence of any vorticity in the flow, the second curly bracketed term on the
right-hand side of (5.10) would vanish and the remaining expression would then give
the integrand of the force integral (5.1) for the case of a body in the irrotational
velocity field v;. This case then corresponds to that discussed in Batchelor (1967,
p- 405) in which he argues that the force on the body is identically zero. It follows
that the integral of the first curly bracketed term on the right-hand side of (5.10)
must equal zero, whereupon we arrive at the equivalence

—1 o —
— Plxwni — (i) xwn; = {(ijj -V mwj OO) |X(,,)"i

0o
— (vw; + vjw)lxwn;j} + O(ap?). (5.11)

Finally, substituting (5.11) into the force integral (5.1), we obtain the identity for the
force on the body to order O(a}$2?)

1 . —00,, —00
%ﬁzg,ggl+m/9{(vjwj_v'i w; ) n; — (viw; 4+ vw)n; } ds. (5.12)

Here, the integrand is implicitly taken to be evaluated on the streamlines x;(v). Auton
(1987) does not provide an explicit identity with which to compare this result, but the
reader will be able to identify a number of the steps used in the argument above in
Auton’s discussion at the beginning of his §6.

5.2. The contribution to the force integral from Aw; on the stream surface 1

For the sake of brevity we shall omit the integrals over #; in the following and use
the equivalence notation (=) to denote equality under the integral. We shall also drop
the |xu) subscript since it is now implicit that we are evaluating functions on the
stream surface #; and in particular, therefore, v;n;|s =0 to give

—1
{Epn,- — uiujnj} = (vjw; —v;%w; ) n; — (viw;)n;. (5.13)

Following the approach in §6 of Auton (1987), we first write the terms in (5.13) as
perturbations about their values at the far upstream starting positions thus

viw; = (v — ;) (w; —w;™) + v (w; —w; ™) + (v — v )w;™ + v w; . (5.14)

Note the following relationships which follow from (1.9), (2.16) and (2.17)

v =Udy, u)j_°O = —02x;781;, vi—v;" = Ay, (5.15a)
w; —w;” =—2(x—x;7)81; + Aw; = 27dhdi; + Aw;. (5.15b)

Substituting (5.15) into (5.14) we find
(vju)j — vj_ocwj_oc) = Qd,Av, + AvjAw; + URd,+UAw, — 2x;°Avy, (5.16a)

(iwj)n; = (—URx;781; + Uy —2x; " Av; + 2 Av; )
+ UédijAw;jn; + Av;Aw;n;. (5.16b)

At this point, we must remind the reader, as shown in Appendix A, thatn; = 4;+An;,
and therefore, ny = An;. The reader should note that Auton, in his §6 for
the case of a spherical body, makes no reference to the contribution from the
perturbation An; in the normal vector. Its omission, however, makes no difference
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to Auton’s final result. Its inclusion for an arbitrarily shaped body, on the other
hand, is essential because it results in terms that have a non-zero contribution to
the force integral. Moreover, because of the bounds Av; = O(Uapr™), Aw; =
0(a}257?),d = 0y r?) and An; = O(a}¥73), we can drop the products
AvjAw;, b Av;, AwAn;, Aw;An;, dhAn;, C72Avj, x5 AviAn; and x3*Av;An; that
arise in (5.16) because they make a negligible contribution to the integral over ;.
Note that the term dhAn; is of order 0> >-%) and Aw;An; and Aw;An; are of
order 0(a$$2%73) and, therefore, contribute O(aBU 237*X) to the integral which
can be shown to be negligible in the limit as £ and X — 400 using a similar argument
to that used for (4.10)—(4.11). Again noting that n; = A; + An;, and n; = An;, we

find
{ s}
—pn; —u;uin;
Pop aip

7

= U(Awlil - ijlj&,-) + (UQdN2 - .sz_ooAvl)A"i

— (URa81; — 2x57 Av; — US2x;81;) Any. (5.17)

We shall now obtain an alternative expression for An; by analysing the asymptotic
approximation to the exact identity v;n;|s, = 0. Approximating the terms about the
asymptotic streamlines X; and neglecting the term Av;An;, we find

anj|.,<~/’1 = (U51j + Avj|)~<)()»j + Al’lj|)~() ~ UAI’l1|)~( ‘l‘/lel)j ~ 0. (518)

Thus, from (5.18) UAn; = —Z;Av; and further x; ~ ¥/, which when substituted
into (5.17) gives

—1
{Epn, — I/t,'lxtjl’lj}

Substituting %; = x;8;; + £ /; into the asymptotic approximation (2.4b) for Avj, we
find the following asymptotic forms for Av; and Avj4;:

= U(Awl/l,' - ijll.i&i)
<§;1
+URA A — 2E(Avi2adi + Avjzilalidy).  (5.19)

Avy ~ —=Uc (r73 — 3r75x12) + Ucl%1(3r75x12~7i1), (5.20a)
Avjg ~Uci(3rx180)) — Ui (817 = 3r > 222, 0). (5.20b)
The approximations (5.20) can now be substituted into (5.19), noting that 4;4; = 1,

dropping odd powers of A; which will integrate to zero on the interval 0 < ) < 211'
and dropping odd functions of 4 then JhA; = &,;/2 to give

—1
{Epn,» — M,‘I/tjl’lj} N

S
- %U.QA\:J [—Cl (}”_3 - 3)”_5)612)52i — cl¢1(81j#1r_382j — 31”_522521)515] . (521)

= U(Awlii — ijllj&,‘) + UQC?zj,

The function (r—3 — 3r>x7)=d/dx;(x;r %) is a perfect derivative of x; which when
integrated with respect to x; will result in terms of the order of O(X~?) at each end of
%1. The corresponding term in (5.21) will contribute terms of order O(a}U 2 £?/X?)
to the integral over .#; and can, therefore, be neglected to give
{—ipni—uiujn_,} EU(Aw]/li—Aw e 51,)
£0 7

+URA,+ U2 [e:(r —3r2%)8,]. (5.22)
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The identity (5.22) can now be compared directly with (6.8) of Auton (1987). Note that
his (6.8) refers to his integral (6.1) which has the opposite sign to the x,—component
of the force. In Auton’s case of a sphere of radius a, as shown in Batchelor (1967,
p. 452), ¢, = —a’8y;/2 and ¢; = ¢3 = 0. From (5.20b), Avs|y = Uci(3r=°x; 2y) =
—Uc X > d/dx(r?) and, therefore, dy = Uc; X J,r—* which vanishes identically when
integrated over 0 < A < 2m. Thus, our expression (5.22) gives for the x,—component
of the integrand of our force integral the identity

—1
{Epnz—uzujnj}

Equation (5.23) agrees exactly with (6.8) of Auton, allowing for his difference in sign
and that our force integral is divided through by the density.

= UAwl/lz. (523)

&1

5.3. The contribution to the force integral from Aw; on the disks ¥y and &,
We shall first evaluate the integrand of (5.12) on the far upstream disk .7, where

—0o0

from (1.9) vj|y, ~ v;™ = Uy, Wilg, ~w;* = —2x,781; and nj|y, = —&1; to give

J
—1
Epn,- — u,-ujnj

On the far downstream disk, we again have v;|y ~ v;"’o = U$,;, but the normal

vector changes sign, 1|, = +81;, and there is a finite contribution from the rotational
disturbance velocity in the trailing vortex, namely w;|y, ~ w;™ = —Qx%8; +
Aw;HO = —Q2x;781; + 2D:81; + Aw;“o to give

—1
{Epl’li —l/tl‘l/tjl’lj}

Combining the contributions (5.24) and (5.25) from the two disks we find that the
only contribution to the force integral arises from the rotational disturbance velocity

in the trailing vortex thus
—1

{—pl’l,‘ —uiujn‘]} = —UAU);HC — UQDQS],‘. (526)

Po Fo+Ts

Identity (5.26) can be compared with (6.14) of Auton (1987) for the x,—component of
= —UAwi™|y,. (5.27)

the force to give
—1
—— pny —Urujn;
Po Fo+T>

Thus, (5.27) agrees exactly with (6.14) of Auton, taking account of his difference in
sign and our division by the fluid density.

5= —{ (07w + v w )N} = 20278y (5.24)

1

= {(v] "W)™ = v w ) — (oWl v w ) }

7

= —UAw™ — URD:8y; + 2U 2x5781;. (5.25)

6. The lift force on an arbitrarily shaped body
6.1. The contribution to the force integral from the stream surface

We shall proceed by evaluating in turn the contributions from the three components
AvE + Aw;ry, Aw;ary and Aw;qry of the rotational disturbance velocity to the term
U(Aw;2; — Aw;2;8y;) in (5.22) for the total contribution to the force from 7.
First, consider the contribution from the asymptotic approximation to Av? + Aw;q),
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given by (2.5b) and (4 11) as Av + Awjqy ~ 2c¢%x;r™ 95281, + .{25182], where
o’1 = —Ag|g = cix;r 3 + cl#lz‘r 35, and Xj = x161j + 2/1,, which upon substitution,
because 4;4; = 1, gives

U([Av1 + Awig ] [Av + ij(l)]/l 81,) =URc?(xir % — Zr38y)

— UQO’Q)”' - U.QC1)C1}"_ 125“ —_ U.QC]#] 2}"_3}4/1231,‘. (61)

Dropping odd functions of 4 that integrate to zero on the interval 0 < A < 21 then
i =0, 4 =0, 1,4 = 6y/2 and (6.1) simplifies to

U([AU] +AU)1 ] [AU +Aw](1)]} 511)

=—UQac4— UR(c? + 1) Zr38;. (62)

Secondly, consider the contribution from Aw;;) whose asymptotic approximation is
given by (4.19). By inspection, it can be seen that Aw;iy4; = 0 since 4; = 0. In
addition dropping odd functions of 4 then Ax4; = &y +1/2 we find

_1 - 1—0o0 _ 1+0 /—00
U(Awyand — Awjani;dn)ly, = glf{zeutzi’_}/~ dD7/0x; xlil ™. (63)
Zo

Finally, consider the contribution from Aw;qm whose asymptotic approximation is
given by (4.22). Again by inspection it can be seen that Aw;qp4; = 0 because for
integration over 0 < 4 < 2w then /; = 0 and 4;4; 4, = 0. Moreover, since 4;4; = §;;+1/2
then by changing the summation indices to prevent duplication we find

, _ 1 [/
U(Awiamii — Awjami; o)l e, = _gU-QSliEszV R X2y dd” (6.4)
We can now combine the three contributions (6.2), (6.3) and (6.4) for Av? + Aw;q),
Awjqry and Aw;q), respectively, into the term U(Awi4; — Aw;4;81)| 7, of (5.22) to
give

-1
—pn; —u;u;n;
{,Oop JJ},~ a/oc axgm

—UREEr78; —3URc, 2 r 8. (6.5)
Note that the term U$2d,/; in the integral for the total contribution (5.22) cancels
identically with the contribution from Aw) given by (6.2).
Finally, employing the identities

2n —+00 N 2n —+00 .
/ / r3dx, dA = 4nX 2, / / rdx, dA = %TEE_4
0 —00 0 —00

it follows from (6.5) that the contribution fi|5 from &1 to the total force (5.1) is
given by

—1 N D’ D’ .,
=_—UQRSr ; 811801 — 220 | a0 ds
5 oy r /% {811 T 0tiipt o | X1

1 aD’ 1400 4 =00
%.}ﬂ&] = UQ/ |:8111 T +81181p1 9x's §:| ;1(1 _4TEUQ(C +02)811

Identity (6.6) corresponds to our generalization of Auton’s equation (6.13), allowing
for his sign difference and our placement of the fluid density on the left-hand side of
the equation. The proof of the equality between (6.6) and Auton’s (6.13) in his case
of a spherical body will be addressed in the discussion of §7.
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6.2. The contribution to the force integral from the disk &,

In the same way as in §6 1 we shall evaluate the contributions to (5.26) from the three

components Aw;;, Aw;p and Awyp, of the rotational disturbance velocity in the

trailing vortex. Flrst it follows from (4.14) that Aw;}} (1) is of order O(a}2X7?) on %,

and therefore contributes a term of order O(ajU$2 52 /X?) to the force integral which
can be neglected, namely fi n)|(/2 = 0. As argued in §4.2, Aw*m can be approx1mated
by equation (4.11) in the region p~* > X whilst it can also be assumed that it is
identically zero for p=* < X. Aw;(LfIOD is approximately equal to the two-dimensional
Biot-Savart integral of Aa);-® in the region p~™ < X as derived in (4.24b) and given
by:
1 aD’'; 9 o

Note that the two-dimensional Biot-Savart integral is appropriate because Aw;(rl?l) is
independent of x; in the trailing vortex and could also be obtained from its three-
dimensional form (4.20) by employing the argument used in Batchelor (1967, p. 527)
to derive his equation (7.3.1). B

First, we shall evaluate the contribution of Aw;{ff, namely Aw;(’f)c = &30, to

the force integral on %, as given by (5.26). If we approximate the drift vector Jk|{¢2
evaluated on %, by the total drift Dy we find

1 ~ o
—fi([)|§uz = —U98i3k[ dkLde&"V —U98i3k/ Dk ds. (68)
Po Fr— S

—

Here, D, on the annulus ¥, — %, is found by taking the limit as x; — +o0 in (2.17)
to obtain

N ~+o0 +o0 400
Dy = / —Ag@ |z dx; =/ —A@ |z dx; = / it (Suprr = = 30712 2y ) dxy.
—0o0 —00 —o0
(6.9)

Dropping odd functions of / when 0 is integrated over the interval 0 < A < 27 then
A% = 8ik+1/2 and, therefore,

- +00 3 3 5 s +0o0 d
D, = ck#l/ (r_ — E,o r- > dx; = —;ck#/ e —(xr ) dx; = 0. (6.10)
—0 —o0 1

The force contribution f;y|z, due to Awf’r from .75, therefore, is identically zero.

Finally, we evaluate the contribution o Awl(m) to the force integral on %, as
given by (5.26). Substituting (6.7) into (5.26) and reversing the order of the double
integration we obtain

if B _ Ly / 2D, / ’ (logn)|y, ds| ds™—U £28 / D, ds
0 iamlg, =5 ijk1 o \ Uy, 8mem gz, 1i . h ds.
(6.11)

Note that by changing the integration variable from ds** to ds=* using (2.20) then
f D, ds™ = f D, ds™ which is equal to the x;- Component of the drift-volume
glven by (3.11). Applylng the divergence theorem to the inner integral, and the
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identity for the drift volume given by (3.11) while noting from Batchelor (1967,
p. 403) that ¢; = —7"5/(4m)Csy, then

1 1 aDJ/ o /400
Rﬁ(m)l‘% = ﬁU,Qgijk#l rr=ayA lognlz, X dA ) didT 4+ 2nU 26584

(6.12)

Here, %, is the perimeter contour of 5. Now because p~ X on %> which is a large
distance from the integration domain %>, we can approximate n to highest order by
neglecting terms of order (p'7*/X)? to give

M, = [(oer = x/27) (v — x757)]
I+00
= [22 + (,0/+w)2 — ;:{xl%l] ~ X <1 — pi }vl/Aq) . (613)

Since for small x then log(1 + x) ~ x, it follows that on %,
lognlg, ~log £ — p**/ ;. (6.14)

We can now substitute the approximation (6.14) for log » into (6.12), noting that
in the integration with respect to 4 over the interval 0 < 4 < 2m then 4, = 0 and
il}vk = 5]](%1/2 to obtain

2n
/ log g, ik EdA ~ —mp™ = —TxT - (6.15)
0

Now substituting (6.15) into (6.12), we obtain the required identity for fiqm)la,, the
contribution from Awj, to the force from 5, as

1 1 8D /+o£ /400
%fi(lﬂ)'»@z = _QUQSijkqél 8x700 Xy ds + 27'CUQC251,’. (616)

%) 3

Combining (6.8), (6.10) and (6.16), changing the surface integration in (6.16) from
ds** to ds'~ using (2.20) and writing &;,41 = €;;,61; +&;1,61;, we find the contribution
fil#, to the total force from &, is given by

1 aD | aD’, .

p_‘filfﬁz = —%UQ |:8,1la p—— —|—51,81j[ Bx’ji}xl/m dﬂ/_m +2TCU96‘281,'. (617)
0 3

Finally, by writing &;;; = &y; and &;j; = —e&;;1, we can alternatively express (6.17) as

below, this form now showing explicitly the components of force parallel (8;;) and

perpendicular (gy;;) to the ambient flow direction.

1 dD), aD’; .
%ﬁ(mﬂyz = —%U-Q / {EUz‘axﬁ — 81i&1j1 ”él]x,’““ ds~* + 2nU 2c¢,28;. (6.18)
Lo 3

/—o0
0x;

Identity (6.18) corresponds to our generalization of Auton’s equation (6.15) whose
equality will be proved in § 7 for the case of the sphere.

6.3. The summed contributions to the force integral from ¥, and ¥

The total force f; on the body is obtained by adding the contributions f;|; given by
(6.6) and fi|», given by (6.18). Note that the terms parallel to the flow direction, that
involve the off-axial components D;.; of the total drift vector, cancel exactly, leaving
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the axial force proportional to ¢ + ¢,/2. We can evaluate ¢ by taking the sum of
(5.22) and (5.26) to show the axial force is given by
fl =-U |: {ij/lj—%Qfl[cz(r_3—3r_52~'2)}da+/ {Aw;Lx—I-QDz}di .
9)1 57)2
Furthermore, by applying the integral identities used to derive (6.6) from (6.5) and to
derive (6.12) from (6.11) it follows that

f1 =-U |:/; ij;\,]d-ﬁ‘f'/ Aw;rocdi] .
9/1 f/}Z

Finally, by applying the bounds involving Aw; and An; that were used to derive
(5.17) from (5.16), we also find that f; ~ —U [; Aw;n; d.ﬁ Thus, the axial force is
proportional to the volume flux generated by the disturbance velocity across the
asymptotic surface & which, because the velocity field is incompressible, must be
equal to the volume flux across the body surface &5, namely f; = —U | o, Aw;n; ds.

However, because w;n;|p = 0 then f; = US2 Lfﬂ xn1ds and, by applying the
divergence theorem, f; = 0 and, therefore, ¢ = —c,/2. The total force, therefore, is
given by (6.19) which acts in a direction perpendicular to the flow direction

1 DY et
= o flr = U | 4 (6.19)

The identity (6.19) corresponds to our generalization of Auton’s equation (6.16). If
comparing the two identities, note the misprinted sign in Auton’s paper. The equality
of (6.19) with Auton’s (6.16) for his case of a spherical body is left to the discussion
ing§7.

One final step is required in our argument to express the total force, (6.19), in a
form that is more readily comparable to the result for the sphere. To do this, we
express the off-axis coordinates xl’;j’ of the far downstream streamlines in terms of
the total drift as

xl’rl’ = xl%l — D;#- (6.20)
Now substitute the identity (8/9x'3”(Dx". L)) = D83 + (3D} /dx5*)x;2y into (6.19).
Note that when evaluated on the perimeter contour %, of %, D’ can be approximated
by —A¢' and, therefore, Dix';J] is of order O(ajX/X?) on %, and makes a
contribution of O(a3U22?/X?) to the force integral which can be neglected. Since

€103 = —6&y and ey; = —&;;1, we can alternatively write
1 D/ o
%fi = —UR6y // D di — USQe, // ﬁDg%l ds—. (6.21)
70 <0

Finally, applying Darwin’s theorem in the form (3.11), we can now relate the force to
the added mass coefficient Cy; and the volume of the body ¥ 5 as

0D, —Lpid/™ (6.22)

1
_ﬁz—%BCUUQ(Szi_UQSill/ / 0
£0 70 0%

7. Discussion

First, we will make some general observations about the physical origin of the
newly identified lift term 4 given by (7.1), below, then we explain how the result can
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be applied to determining the force on bodies in real fluids taking into account the
effects of boundary-layer vorticity and, finally, we discuss the body shapes for which
the term is non-zero.

1 oD’ X
— = —U.Qs,-“/ Tlﬁ D;ds~. (7.1)
Lo 7y 0X3

Since the integrand of (7.1) is of order O(a$p ™) as p — oo, then the physical effect
from which the lift force derives must lie very close to the body surface and, therefore,
must be sensitive to small changes in the body shape.

When applying the results to real fluids it is important to appreciate that the surface
Y, being arbitrary, need not be coincident with the body. ¥ 5 could instead be defined
as the fluid surface & pr that encloses the fluid immediately surrounding the body that
is affected by boundary-layer or shear-layer vorticity. Necessarily, & gr must be closed
and, therefore, this approach cannot be used on a body with a turbulent wake when
the bow streamlines do not close behind the stern. On the upstream bow surface,
unless it has a re-entrant shape, #gr would lie close to the body being separated
only by a narrow boundary-layer region. If the bow surface is re-entrant, however, a
stagnation or recirculation zone may form in which case & gr should be chosen to be
coincident with the outer boundary of this bow fluid region. If the body has a slender
shape, whose chord is aligned to the mean flow direction, then separation may not
occur and ¥ gr would differ only from the body shape by the intermediate boundary
layer. Bodies with bluff or re-entrant stern shapes are likely to cause separation and,
in a similar way to that described for the re-entrant bow shape, &#pr should be
chosen as the outer boundary of the wake recirculation zone whose dimension may
be comparable with the transverse cross-section of the body. With our results for
the force on #gr , the net force on the body can then be calculated by combining
it with an additional force balance for the intermediate fluid region & gr — ¥ . For
boundary-layer regions, the tangential shear stress would be predominant. For wake
recirculation zones the axial drag force would be predominant. Note that the axial
force is predicted to be identically zero under the ideal-fluid assumptions of our
theoretical analysis. Note also that any substantial difference in size between %
and Y pr would give rise to significant differences between the added mass tensor
coefficients CI-JB and total drift-vector D/ for the body &5 and the corresponding

quantities CF" and Df'" for the enclosing region & gy

Clearly, for body shapes for which the off-axis total drift vector components are
zero, namely D+ = 0, then (7.1) is identically zero. Such shapes include bodies of
revolution whose symmetry axis is aligned with the ambient flow. They also include
bodies that have reflective symmetry about three mutually orthogonal planes with
one of the principal axes aligned with the flow direction. This latter class include
the ellipsoid. It is possible to argue that the off-axis total drift vector components
are identically zero for these shapes on geometrical grounds by considering the drift
experienced by a string of particles that initially lie on a far upstream circle p = p~*.
For all of these body shapes, their symmetry demands that the particle string when
on the far downstream side of the body remains circular with radius p = p**®, say.
In addition, since the string maps out the surface of a stream tube and the axial
component of the velocity field is equal to U at both the far upstream and far
downstream ends of the stream tube, then the volume fluxes through both circles are
equal. The radii of the two circles are, therefore, also equal, namely p=* = p™*. It
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follows that the off-axis starting coordinates of the string particles are equal to their
off-axis finishing coordinates, namely X = xf;jf and, therefore, D.; = 0.

The force term (7.1) will also be identically zero for body shapes that generate a
total drift function that is symmetrical about two mutually orthogonal lines in the far
downstream x, X x3 plane. The reason is simply that such a shape would result in D,
being symmetric about these two lines while dD;/dx5* would be antisymmetric about
the same lines. This follows because the differential dx3* can be resolved into two
mutually perpendicular differentials along the two symmetry lines. Such body shapes
include ellipsoids irrespective of the how the ellipsoid is oriented to the flow direction.
Another that has been considered in detail by the author is the binary sphere system.
For this latter case the additional force term is identically zero irrespective of how
the line of centres of the two spheres is aligned to the flow.

In all these exceptional cases, the lift force given by (6.22) reduces to

1
p_fl = —7"pC11US26y. (7.2)
0

Equation (7.2) is in agreement with the analysis of Auton (1987) for the sphere and
also the combined experimental and computational fluid dynamic studies reported by
Rife et al. (1997) for some bodies of revolution.

The following discussion will address the three main areas of the proof. First,
the generalization of Darwin’s theorem in §3. Secondly, the derivation of the
asymptotic approximations to the rotational disturbance velocity given in §4. Finally,
the derivation of the total force from the asymptotic surface integral in §§5 and
6. Detailed comparisons will be provided with the independent studies by Darwin
(1953), Lighthill (1956, 1957) and Auton (1987) in order to provide support for the
correctness of our proof.

Throughout the whole of our argument we make only two applications of Darwin’s
theorem. First, at the beginning of §6.3 when we argue that the axial force fi is
identically zero. Secondly, when we relate the final expression (6.21) for the lift force
to the added mass coefficient Cy;. Consequently, to determine the off-axial lift force
we use only the x;-component of the general identity that we derived in (3.11) and
which Darwin originally determined in his (8.9), his hydrodynamic mass H being
equal to our added mass 7 3Cy;.

We shall now compare in detail our analysis in §4 with that of §3 in Lighthill
(1956). It is important to note that Lighthill’s analysis supposes that the only non-
zero component of the disturbance vorticity (referred to as the vorticity change by
Lighthill) in the trailing vortex lies in the x;-direction. This assumption is embodied
in his equation (15). In our general analysis, however, the disturbance vorticity Aw; ™
in the trailing vortex is shown to have the form given by (1.16) as

oD,

Ao = — e (7.3)

Thus, Lighthill’s analysis supposes that both off-axis components of the total drift
vector have zero gradients in the x;-direction, namely 9D,+;/9x37* = 0. However,
because the total drift vector D, tends to zero as p~* — —+o0, then the off-axis total
drift components must be identically zero, namely D;+; = 0. Lighthill's argument,
therefore, is restricted to a limited class of body shapes some of which are discussed
earlier in this section. It follows from our identity (3.11), that Lighthill’s added mass
coefficient tensor has the form C,;8y; and, therefore, the coefficients ¢, and c¢3 of the
asymptotic form of the irrotational disturbance velocity Av; are identically zero. This
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is also the reason why, in Lighthill’s analysis of the asymptotic form for Aw;, the
irrotational velocity Av? can be neglected since it is of order O(r ).

We shall now compare our general results for the asymptotic approximations of
the rotational disturbance velocity with those of Lighthill, noting that in his notation
2 = —A. The following identities (7.4) hold, therefore, for the recurrent terms in our
equations where in his case of a sphere of radius a then ¥ 3C;; = ¥ 3Cy = 2na’/3.

8D,p7g1 It g I—o0 8D/1 1400 g /=00 __
/5/0 o X2y ds/=™ =0, /yo o xT0dsT = =4 5Cuy . (7.4)
Our result (4.11) for Aw;, the asymptotic form of the rotational disturbance velocity
Aw;ry on the streamlines that remain far from the body, agrees exactly with (19) of
Lighthill (1956). Note that he describes Aw; as the velocity field corresponding to
his asymptotic form (18) of his vorticity change w;. Our result (4.18) for Aw;q) is
equal to v, of Lighthill’s equation (20) where his w,, the difference in the vorticity
change w; from his asymptotic form (18), is equal to our ij@ Thus, our (4.18) is in
agreement with Lighthill’s (20), noting that the sign of Lighthill’s (20) is incorrect as
pointed out in Lighthill (1957). Substituting (7.4) into (4.18) we obtain the asymptotic
form (7.5) below for Aw;(r), which is in agreement with Lighthill’s (22) once the error
in the sign of Lighthill’s equation is corrected.

—1
Awjry ~ E“VBCMQSiak(V_I),k- (7.5)

Lighthill (1956) makes the mistake of not calculating the contribution from Aw;m,
which he corrects in Lighthill (1957). Quoting from the theory of the horseshoe vortex,
his revised expression for v, is given by his (85), which now corresponds to our sum
Aw;an + Aw;am. To obtain an expression for Aw; ) substitute (7.4) above into (4.22)
to give

1
Awjiry ~ EA/BCMggilk(piz[l + xSk — 2 A3} — xir T A da). (7.6)

If we now write &3 = —8;8u + 628 and (r™'), = —x;r 38 — pr—3/J, we can
split (7.5) for Aw;qy) into 8y;, 85 and 83 components using the identities ;3 (r 1), =
pr 3281 —x1r 38y and &;1; = 8382 — 8283 Combined with the identities 1 — 13 = /3
and 1 —243 = —1 4 223, we find

—1
Awjan + Awjammy ~ yr Y pCuS20; (7.7)

where the vector ®; can be expressed in terms of its three Cartesian components as

O; = pr 3281 + p 211+ x1r 180 — 20721 + xir ] + x1r 3 2380
— D207 [+ xir )+ xir Y 023835, (7.8)
The equality between our (7.7) and (85) of Lighthill (1957) follows by noting that
O = {x2p 2 [L+xi77 "1} (7.9)

The identity (7.9) can be proved simply by writing x,p~2[1 + x;7~!] in cylindrical
coordinates as p~!'A;[1 + x;77'] and employing the partial derivatives (9/9x;)(.)
and (8/0xx21)(.) = 4(3/0p)(.) — A3/ p82x(3/02)(.) + 22/ pd3(d/94)(.) whilst noting that
02/0) = —A3, J3+ 23 =1 and dr/dp = p/r.
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We shall now compare our evaluation of the force integral (5.1) with that in §6
of Auton (1987) for the sphere. The contribution f;|s to the force from the stream
surface 7 is given by (6.6) which upon substituting the identities (7.4) for the sphere
gives

1
%ﬁ@,l = 37V 5CyURery = —§ 1’ U6y (7.10)

This result agrees with Auton’s (6.13) which in our notation is equal to —fi|g,.
Similarly, (6.18) yields the force contribution f;|, from the downstream disk as

1
%filﬁ’Z = %"VBCMU.QSBZ' = —% TEaSUQ(Sz,'. (711)

Identity (7.11), therefore, is in agreement with Auton’s (6.15) which in our notation
is equal to — f;| 5,. Thus, &, and .#, contribute equally to the total force in Auton’s
argument. In our argument the contributions from #; and .%,, given by (6.6) and
(6.18), respectively, differ, but only in the x;-component of the force which vanishishes
identically when the two contributions are added together. The result is that .#; and
&>, as in Auton’s case, contribute equally to the net force each contributing

BD/
-3 Uﬂslli/ X T
S0 3)63

It is important to point out that our derivation in §6.2 for the contribution to the
force differs from Auton’s in a subtle but important way. Auton employs his identity
(6.6) for the rotational disturbance velocity in the trailing vortex. In our argument,
we employ the two-dimensional Biot-Savart integral given by (7.12), namely
o —1 D’ 9
Aw;&fl) ~ EQ&']’]{%] /(/ 8 = L a (10g1’])|y2 d4/+oo (712)

In fact, Auton’s (6.6) is equal to our (7.12) prov1ded the integration domain %, in
(7.12) is replaced by #,. Note that in Auton’s notation his X corresponds to our X.
The difference is that the integration region in our Biot-Savart integral (7.2) is over
&, and not %,. We purposely chose the radius of ¥, as ¥ where ¥ < X. This
crucial step then allows us to evaluate the force integral (6.11), having first applied
the divergence theorem, by using an asymptotic approximation of the integrand on
the perimeter contour of .#,. This step is only possible because the points on the
perimeter contour of %, lie at a large distance from the integration range %».

Appendix A. d: = O(a3 £72) and An; = O(a} £7?)

The approximation for d; follows immediately by noting that Ag,; = O(a}r™>)
where (r?)|; = x? + X2 and, therefore,

X1 +o0
d =/ —Ag;lzdx; = 0<a;/ r_3dx1> =0(a;577). (A1)

To approximate An;|; we make use of the following identity for the normal n; which
is obtained by parameterization of the surface with respect to the coordinates 4 and
x1, for example as shown in Pozrikidis (1997, pp. 15-16).

Bxk

3x1

0x;

nds
= Eikn

didx; = (4 + Anilz) £ dadx,. (A2)
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Note that, to highest order, the stream surface is approximated by the cylinder p = X
whose normal is /;. To second order, the surface vector is given by (2.16) as

X, =% —d, = x18; + X — d. (A3)
Substituting (A 3) into the partial differentials of (A 2) we find
3k

~ Otk — T
8)61

.34, ad; ox
ax; /o ~ 5 S OTk
xj/94] 9L 9. oax

=Sk + Aplx (A4)

X

Now substitute (A 4) into the identity (A 2) for the normal vector to obtain

< Ox; 32 -, 0d;
(Zi + Anils) = e(Bu + Agy) &7 B—JJ = 81‘,‘18—;5 —&ij1 X la—/{
04; ~

+eis Age + 0(27r 7). (AS)

A

Finally, noting that ¢;;,34;/04 = 4; and Ag; = O(ajr—>), we obtain the required
approximation for An;|;, namely

~_.0d; 04, ~_
An,‘|; ~ —8,'j12 18—;} +8ijk8_;jA§0.k = 0(&;2 3). (A6)

Appendix B. Asymptotic identities for B, = | ; “(8/0x,)(1/8)dx;

Consider the cases k = 1 and k # 1 separately. Noting that & = [(x] — x;)* + n*]'/?
we integrate with respect to xj to obtain

Bioi = [—[(x] — x> + 7’1727 = [(x1 — X)* + 0?72, (B1)

+o0
By = / (ppr — Xatt) 7 dx] = () — X)) 0[] — x)[(x] — x1)* + 07172157,
X (B2a)
= (Ko — X)) 0 [L 4 (1 = X) [ — X)* + 97172 (B2b)

We need to consider the evaluations of these functions at x; which lie on the stream
surface %, with radius ¥ and length X. The integration variable x; on the other
hand lies within the region ¥~ which has radius X and length X. Now since we
have assumed that a3 < ¥ < X < ¥ < X we can then make the approximation
(x; — X) ~ x; and neglect terms of order p'?/p? to obtain

772 = (xzau - xz’#)(Xz# - xz’;él) = /02 + ,0,2 - 2x]'#1x,#1 ~ /02 - 2x{#1x1#1. (B3a)
Furthermore, by the binomial theorem
N~ p (1 + 20_2)61/#1)61#1)- (B3b)
Noting that r? = x? + p?, it follows from (B 1) that
Bi—i ~ [x{ + '] ~ [x{ + p* — 2x/xi01] 7

~r (14 772x1,¢1x1#1) ~r' 4 (,07737»1)?61/;&1’ (B4)
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and from (B 2b) that

Bis1 ~ (¥ —xiet)n 2 [1 31 [x] + 7] ]

~ /072()6;/{#1 — X1 (1 + 2/072)51/#1361%1)[[1 +xr ' + x1"73x1/9e1x17é1]- (B 5a)

Neglecting terms of order p"?/p? in By, we find

Bist ~ p [+ xir (g py — Xit) — 2077 Xit1 X117 4 )
—xrp? xk#lxl%lxl,yél- (B5b)

By writing x;+1 = pZ, (B 5b) can be alternatively expressed as

Bk%] ~ —,071 [1 + xlrfl])uk + (p72[1 + X]Fil]{Skﬁg” — 2/1/(/11} — x1r73/1k/11)x1’#. (B SC)

Appendix C. Aw;, — Aw™” ~ O(Rayx;>) as x; — +o0

By the definition given in equation (4.7), it follows that for large positive values of
x1, where the streamlines asymptotically approach X and the evaluation point is so
far from the body that the asymptotic form for the disturbance velocity Ag; can be

used in the integral, we find
00
/ (cixir ™) dz+ dixy

X1

o
Aw; — Ao ~ 2 I / 3OAga,-|,;+dx1 ~ =2 9
l ax3™ Ly, ’ dx3”

(C1)

Here, |;+ denotes evaluation on the far downstream streamlines defined by (4.7). We
now expand the term (c;x;773),; = (87— — 3x,x;77°) and write x; = x;8y; + X121 S0
as to distinguish between components that are parallel and perpendicular to the flow
direction to obtain

(c;x1r73),,- = ¢ (8i1r73 —3x12r*581131,~) —3ci{81xiz +51ix1%1}x1r75 — 3clxi¢1xl%1r*5. (C2)

Writing x7 = > — p? and grouping factors of r =3, x;r—> and r~> we obtain
(crxir ™) = 8 — 38ud1)r > — 3er{Suxier + Suixier }(x177°)

+ 3c1(p* 8181 — Xiz1xi2)r . (C3)

Note the following integral identities

+o0 +oo
/ r3dxy = p 721 — ()]s / xir 7 dxy = 470, (C 4a)
~+0c0
/ rdx, = ,0_4[§ — (xlr_l){l — %(xlr_l)z}}. (C4b)

By substituting the asymptotic approximations (x;7 1) = x;[p> +x7]7/? ~ 1 —p?/2x3,
(xir )2 ~ 1—p?/x2 and r! = [p24x2]"7 ~ 1/x, into (C 4), we arrive at the following
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approximations

+0 +oo
/ rdxg ~ A7+ 007X Y); / xir > dxy = 3xP + 0(p*x),  (C5a)

X1 1

+o0
/ rodxy ~p 3= (1 =307 /x)) {5 + 307 /xi}] ~ ex7t + 0(0°x7°). (C5h)

Substituting (C5) into the integral of (c;x;7~%); we find

+o0
(crxr ™) ile+ doxy ~ %Cl(Sil — 38u81)x1 % — cr{8udi + 8} px + O (aiaple_4)-
x1

(Co)

The required result now follows by differentiating with respect to p~ and letting
x1; — +oo, namely

o0
Aw; — Aw™ ~ 2733/3p" {/ (c,x,r_3),[|;+ dx;

X1

= 0(R3/3p " (p")azx;’) = 0(Razx’). (C7)
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